We verify the consistency of the Gödel-type solutions within the four-dimensional ChernSimons modified gravity with the non-dynamical Chern-Simons coefficient, for different forms of matter including dust, fluid, scalar field and electromagnetic field, and discuss the related causality issues. We show that, unlike the general relativity, a vacuum solution is possible in our theory. Another essentially new result of our theory having no analogue in the general relativity consists in the existence of the hyperbolic causal solutions for a physically wellmotivated matter.
φ(x). Therefore, the CS modified gravity represents itself as a simplest example of a Lorentz-CPT breaking extension of the general relativity (GR). Also, it was shown in [3] that the Schwarzschild metric continues to be a solution for equations of motion also within CS modified gravity. Further, the gravitational CS term has been discussed as a possible ingredient of the most generic Lorentzbreaking extension of the standard model [4] , and it was shown to arise as a quantum correction in the theory describing spinor fields on a curved background [5] . Among other results found for the CS modified gravity in dimensions higher than three, one should also mention the possible higher-dimensional generalizations of the gravitational CS term performed in [6] . Different issues related to Chern-Simons (super)gravities in different dimensions has been discussed [7] . A review on specifics of the CS gravity in four-dimensions has been developed [8] .
It is clear that to study the compatibility of any new extended gravity model, in particular, the CS modified gravity, with the observations, one should verify the consistency of the known solutions of the Einstein-Hilbert gravity within the new theory. A wide class of the classical gravitational solutions possessing spherical or axial symmetry has been discussed from this viewpoint in the paper [9] . Besides of this, a further generalization of the CS modified gravity has been proposed in that paper, that is, the so-called dynamical Chern-Simons modified gravity where the CS coefficient φ(x) becomes a dynamical field. This extension opened the possibilities for new studies. In particular, it was showed in [10] that the Kerr metric itself does not solve the modified Einstein equations in this theory, and, to achieve consistency, one should modify some elements of the metric tensor by additive terms depending on the CS coefficient. The cosmological solutions in the dynamical CS modified gravity have been considered in [11] .
It is well known that the problem of causality in the gravitational context is strongly polemical.
Historically, this problem began to be discussed in [12] where the Gödel metric allowing for the closed time-like curves (CTCs) was found. Further, a very important generalization of the Gödel metric has been introduced, with a number of their properties were studies, in a sequence of papers [13] . In particular, it was showed in these papers that in certain cases the CTCs are ruled out for some special relations between constant parameters of this metric. Therefore, it is interesting to verify the consistency of the Gödel-type metric proposed in [13] within the CS modified gravity, especially, to obtain the conditions for parameters allowing to rule out the CTCs. Some preliminary studies in this direction have been performed in [14] , where, first, only the case of the original Gödel metric has been considered, second, the results seem to be dependent on the choice of the basis, which naturally calls the interest to solving this problem in terms of the tetrad basis.
Therefore, the natural problem would consist, first, in studying of the compatibility of different kinds of the Gödel-type metric (it is known [13] that there are three kinds of this metric, that is, hyperbolic, trigonometric and linear cases) within the CS modified gravity following the procedure used in [13] , second, in determining values of the parameters which could rule out the CTC solutions. Namely these problems are considered in this paper.
The structure of the paper looks like follows. In section II, we present a general review of the Gödel-type metrics. Section III is devoted to description of the Gödel-type solutions in the general relativity for different forms of the matter including a relativistic fluid, a cosmological term, scalar and electromagnetic fields, with use of the tetrad basis. In section IV, these solutions are generalized for the CS modified gravity, with the relations between parameters of matter are found explicitly. Finally, in Summary the results are discussed.
II. GÖDEL-TYPE METRICS
In this section, we briefly review the Gödel-type metrics consistent with the condition of homogeneity in the space-time (ST-homogeneous), and discuss their classes and causality features related to the existence of closed time-like curves.
In spite of the local validity of the causality principle in general relativity, assured by its local Lorentzian character, it is well known that there are solutions of Einstein field equations displaying causality anomalies given by closed time-like curves. One of the first and best known examples of such a solution is the famous Gödel metric [12] . The rotating Gödel universe belongs to a family of solutions of Einstein equations which are ST-homogeneous, known as Gödel-type metrics [13] , whose line element in cylindrical coordinates is given by
and the metric functions H(r) and D(r) obey the following necessary and sufficient conditions for ST-homogeneity
where the prime denotes the derivative with respect to r. All the Gödel-type ST-homogeneous metrics are completely characterized by the two parameters (m 2 , ω), where ω = 0 is the vorticity, and −∞ ≤ m 2 ≤ ∞, such that isometric space-times have identical pairs (m 2 , ω 2 ). The Gödel-type ST-homogeneous manifolds admit a G 5 group of isometries when 0 ≤ m 2 < 4ω 2 , a G 7 when m 2 = 4ω 2 and a G 6 for the degenerate case ω = 0 [13] . There are three different classes of non-degenerate (ω = 0) Gödel-type metrics, according to the solutions of Eqs. (2), namely, i) hyperbolic class, where m 2 > 0 and
ii) trigonometric class, where m 2 = −µ 2 < 0 and
iii) linear class, where m 2 = 0 and
The Gödel solution [12] 
and when m 2 ≥ 4ω 2 there is no breakdown of causality, since for m 2 = 4ω 2 the critical radius r c → ∞ [13] . There is no analogous situation for the linear and trigonometric classes, where there is no way to circumvent the violation of causality.
III. GÖDEL-TYPE METRICS IN GR
In this section we review the Gödel-type solutions of GR for the physically well-motivated matter content discussed in Refs. [13] , having in mind our objective to investigate their possible extensions for the case of the CS modified gravity. In order to characterize completely the Gödel-type universes in GR, it is necessary the consider the matter sources of the Gödel-type metrics.
Since these metrics are ST-homogeneous, there is a local Lorentz co-frame w A = e A µ dx µ where the components of the curvature tensor are constants. It is given by [13] 
where ds 2 = η AB w A w B and η AB = diag(−1, +1, +1, +1) is the Minkowski metric. The Einstein field equations R AB − 1 2 η AB R = κT AB − η AB Λ, in the Lorentz frame (7), can be written as
where T = η AB T AB is the trace of energy-momentum tensor of matter T AB .
Our conventions for the curvature and Ricci tensors are
and R µν = R α µαν . Small Greek letters label coordinate indices and capital Latin letters label Lorentz tetrad indices, and both take values from 0 to 3.
For all three classes of Gödel-type metrics given by Eqs. (3) (4) (5) , the curvature scalar is given by R = 2(ω 2 − m 2 ), and the non-vanishing components of Ricci tensor, in the Lorentz co-frame defined by Eqs. (7) above, are R (0)(0) = 2ω 2 , R (1)(1) = R (2)(2) = 2ω 2 −m 2 . Since R AB is constant and diagonal, it follows that T AB has to be constant and diagonal, due to the Einstein field equations.
There is a preferred direction in Gödel-type space-times determined by the rotation vector which, for the Local Lorentz frame observers defined by Eqs. (7) 
and 4-velocity u
is the totally antisymmetric Levi-Civita tensor, and ω AB is the vorticity tensor.
In order to compare the results of GR and CS modified gravity, we use the same matter content of the universe considered in [13] , that is, a perfect fluid, a scalar field and an electromagnetic field.
Let us start with the perfect fluid, which has rigid rotation velocity ω, density ρ and pressure p, whose components of the energy-momentum tensor T (pf ) AB = (p + ρ)u A u B + p η AB , in the Lorentz tetrad basis defined by Eqs. (7), are
where the 4-velocity of an element of fluid is
AB is constant and diagonal. The next matter source is a massless scalar field ψ satisfying the Klein-Gordon equation ψ = η AB ∇ A ∇ B ψ = 0. Following [13] , we choose a scalar field whose gradient ∂ A ψ = e µ A ∂ µ ψ, in the Lorentz tetrad basis defined by Eqs. (7), is constant and parallel to z axis. Thus, ψ = s(z − z 0 ), where s is a constant. The components of its energy-momentum tensor T (sf )
Finally, the last source in [13] is a source-free electromagnetic field F AB that is a solution of the vacuum Maxwell equations ∇ B F AB = 0 and ∇ B * F AB = 0, where
ABCD F CD . According to [13] , let us choose an electromagnetic field F AB such that, in the Lorentz co-frame (7), both the electric and the magnetic fields are parallel to z axis, that is,
, where e is a constant. The non-vanishing components of the energy-momentum tensor T (ef )
of the electromagnetic field, in the Lorentz co-frame (7), are given by
To resume, the energy-momentum tensor of all matter sources is given by
which is diagonal with components constants. Thus, by taking the Einstein constant κ = 1, the Einstein equations (8) for an arbitrary Gödel-type metric with parameters (ω, m 2 ), in the Lorentz tetrad basis (7), are given by
The cosmological constant is completely determined by the matter source, according to Eq. (15), and does not depend on the metric parameters (ω, m 2 ), since R (3)(3) = 0. Solving the field equations (13-15) for the cosmological constant Λ and the metric parameters m 2 and ω, we obtain that
but both the linear and trigonometric classes require the existence of the electromagnetic field, according to Eq. (17). Solutions for the hyperbolic class, where m 2 > 0, are obtained when
There is an upper bound for m 2 given by m 2 ≤ 4ω 2 , since
Therefore, there is no solution within the causal region, except the Rebouças-Tiomno solution,
where m 2 = 4ω 2 , for a matter described purely by the scalar field [13] . The Gödel solution m 2 = 2 ω 2 = 3 s 2 + p + ρ − 2 e 2 > 0 is recovered either for all the sources, when s 2 = e 2 = 0, or for a pure perfect fluid, when s 2 = e 2 = 0, since
Furthermore, when s 2 ≤ e 2 , there is a lower upper bound for m 2 given by m 2 ≤ 2ω 2 , and when
there is a non-zero lower bound given by 2ω 2 ≤ m 2 .
The solutions for the linear class, where m 2 = 0, are obtained when ρ + p + 2s 2 − e 2 = 0, and the solutions of the trigonometric class, where m 2 = −µ 2 < 0, are obtained when ρ + p + 2s 2 − e 2 < 0.
An important result is that the perfect fluid and the scalar field produce hyperbolic solutions within
The sign of the cosmological constant for all three classes can be easily determined from
which is obtained by summing of Eqs. (18) and (17). For the hyperbolic class, the cosmological constant is positive when 2p > m 2 > 0, negative when 0 ≤ 2p < m 2 and zero when 0 < 2p = m 2 .
For the linear class, we have Λ = p ≥ 0, since m 2 = 0, and for the trigonometric class, where
Note that the presence of the electromagnetic field is essential for the consistency of all three classes of solutions, in other words, in its absence, one has only the hyperbolic class, where all solutions are within the interval 0 < m 2 < 4ω 2 inside the non-causal region, except of a pure scalar field corresponding to the case m 2 = 4ω 2 .
IV. GÖDEL-TYPE METRICS IN CHERN-SIMONS MODIFIED GRAVITY
In this section, after a brief review of the non-dynamical CS modified gravity, we investigate the existence of Gödel-type ST-homogeneous solutions of the CS-modified gravitational field equations, as well as their causality features, in order to compare the GR and CS gravitational theories with respect to this kind of causality violations. In particular, since we are searching for generalizations of the Gödel-type solutions obtained in [13] , the same matter content will be the source for the CS modified gravitational field.
The CS modified gravity action [3] with the cosmological constant is
where φ is a scalar field, S m is the matter action and * RR is the Pontryagin density defined by *
The scalar field φ is called the CS coefficient, or CS coupling field, and measures how the modified theory deforms the GR.
The CS gravitational field equations are obtained by varying the CS modified action with respect to the metric g µν and the CS coupling field φ and, in the Lorentz tetrad basis defined by Eqs. (7), they can be written as
where T is the trace of the matter energy-momentum tensor T AB , and C AB is the Cotton tensor arising due to variation of the CS term, defined as [3] :
The Eq. (25) means that the theory involves a constraint, i.e., such a field equation imposes restrictions on the possible space-time geometries. Furthermore, the covariant divergence of the Cotton tensor is
that implies, by Eqs. (24), which the covariant divergence of T AB is proportional to * RR, in other words, the Pontryagin density measures the rate of breaking of the diffeomorphism invariance.
We shall study the Gödel-type metrics in the CS modified gravity context and investigate the causality features, as well as the possible simultaneous solutions among GR and the CS modified gravity. For this, we shall consider the same matter sources used in the paper [13] and combinations between them as particular cases.
In order to calculate the CS gravitational field equations for a Gödel-type metric, it is necessary to calculate first the Cotton tensor given by Eqs. (26) and the Pontryagin scalar density given by Eq. (23). For an arbitrary CS coupling field φ(t, r, z) with a cylindrical symmetry and an arbitrary Gödel-type metric with components H(r) and D(r), we obtain that * RR = 0, and that the non-vanishing components of the Cotton tensor are given by the diagonal components
and the non-diagonal components
The Rebouças-Tiomno Gödel-type universe, corresponding to 4ω 2 = m 2 , solves the CS gravitational field equations trivially, since it follows from Eqs. (28-29) that in this case C AB = 0, for an arbitrary CS coupling field φ. Therefore, for 4ω 2 = m 2 the CS field equations are identical to
Einstein field equations, and we must require that 4ω 2 = m 2 in order to obtain nontrivial solutions of the CS modified gravitational field equations.
Taking into account that for an arbitrary ST-homogeneous Gödel-type metric the Ricci tensor is diagonal, and that the matter source considered in [13] is also diagonal in the Lorentz tetrad basis defined by Eqs. (7), one concludes that the non-diagonal elements of the Cotton tensor (29) should vanish. Therefore, we have the equations C AB = 0 (for A = B), whose solution is
, where b and z 0 are arbitrary constants and f (r) is an arbitrary function.
Since the diagonal components of the Cotton tensor (28) involve only the derivatives ∂φ ∂z , we can choose f (r) = 0 for the sake of simplicity without loss of generality. Therefore the CS coupling field is restricted to be when k < 0. Thus, since there is a coupling between the vorticity and the CS scalar field, we can choose either b or k as an independent parameter. As we will see later, it is better to consider
In order to compare the results of GR and CS gravity, we continue to use the matter content of the Gödel-type solutions of GR obtained in [13] , whose energy-momentum tensor is given by Eqs.
(12), as well the CS modified gravitational field equations (24). Thus, for the CS scalar field given by Eq. (30) and an arbitrary Gödel-type metric with components H(r) and D(r), in the Lorentz tetrad basis defined by Eqs. (7), we obtain the following form of the CS modified gravitational field equations
with the requirement that 4ω 2 = m 2 , in order to have C AB = 0 for an arbitrary CS coefficient.
In CS modified gravity the cosmological constant Λ is related only to the matter content and is the same for both GR and CS solutions, given by Eq. (18), that is, 2Λ = −ρ + p − 2s 2 + e 2 , since the CS field equation (34) and ω 2 which, after substituting Λ through (18), are given by
have a vacuum solution given by
This solution belongs to the hyperbolic class and presents causal anomalies, since 0 < m 2 < 4ω 2 , therefore we see that the causality violation can occur without any matter, only due to the CS coefficient itself which can be treated as a some special non-dynamical media. Even being nondynamical, the CS field φ interacts with the metric in such a way that the vacuum CS field equations
give rise to a non-trivial space-time geometry, where the non-vanishing components of the Ricci tensor are R (0)(0) = 2 R (1)(1) = 2 R (2)(2) = 2 ω and the curvature scalar is R = 0.
On the other hand, the non-vacuum solution of the CS field equations (35-36) for ω 2 (k) is given
are determined only by the matter content. Similarly the solution for m 2 (k) is given by
The signs of the metric parameters ω 2 and m 2 given by the GR solution (16-18), depend on the matter content and on the range of k. Since ω is real, we must impose the condition ω 2 (k) > 0, which determines the allowed range of k and, in turn, also determine the possible signs of m 2 (k) and the classes of the Gödel-type metric within the allowed range. The causality features of the CS solution (38-41) is determined by the sign of
which depends on the allowed range of k. In general, for k < − . The main features of this solution is most evident when the source is given by a pure dust, so that CS solution (38-41) can be written as
whose roots are k ω = −1 and k m = −1/2, respectively. This dust solution must satisfy the requirement ω 2 (k) > 0, since ω is real, which determines the allowed range of k given by k < −1 or k > −1/3, where m 2 (k) > 0 as well. This can be easily seen in Fig. (1) , with the graphics of the ω(k) > 0 and m 2 (k), are given for ρ = 1. Therefore, the Gödel-type metric of the CS dust solution above is hyperbolic and has a GR analogue, since k = 0 belongs to the allowed range. Treating the causality, for k < −1 the space-time is causal and for k > −1/3 the space-time is non-causal.
A distinguishing feature of CS gravity, contrasting to GR, is the existence of the hyperbolic causal solutions for physically well-motivated matter sources, whose energy-momentum tensor given by Eq. (12) , where ρ + p + 3 s 2 − 2 e 2 > 0. The Gödel metric solution of CS gravity can be obtained by imposing, for the CS solution (38-41) the following condition
whose result can be presented as
Therefore, it is insufficient to have a pure perfect fluid to achieve this solution, as happens in GR, since the condition b = 0 requires the presence either of an electromagnetic field or of a scalar field, according to Eq. (49). On the other hand, the matter source can also be given by an electromagnetic field and a scalar field, where e 2 − s 2 = 0. This is an extension of the GR solution, which is recovered when e 2 − s 2 = 0. Now let us discuss the existence of the linear and trigonometric classes in CS modified gravity. 
respectively. The roots of ω 2 and m 2 are k ω = 0 and k m = −1/4, correspondingly, and do not depend on the value of e 2 . This solution must satisfy the requirement ω 2 (k) > 0, since ω is real.
It follows that the allowed range of k is given by −1/3 < k < 0 and that the solution given by the Eqs. (50-51) is hyperbolic (m 2 > 0) for −1/3 < k < −1/4, linear (m 2 = 0) for k m = −1/4 and trigonometric (m 2 < 0) for −1/4 < k < 0. These results can be seen in Fig. 2 , with the graphics of ω(k) and m 2 (k) are given for e 2 = 1, which shows the main features of the pure electromagnetic CS solution. The hyperbolic solution is non-causal, since ω 2 > m 2 > 0 for −1/3 < k < 0, that is, in all allowed range of k. All of these solutions have no analogue in GR. We discussed the consistency of the Gödel-type metric and the possibility of existence of closed time-like curves within the CS modified gravity. Within our studies, we used a tetrad basis and a tetrad formalism allowing to simplify the calculations crucially, and considered the metric corresponding to a non-zero Cotton tensor, differently from [14] where the consistency of the Gödel metric has been verified only in the case of the vanishing Cotton tensor. We considered all three characteristic forms of a generic Gödel-type metric, including not only hyperbolic case but also trigonometric and linear cases, and a rather generic form of the matter, involving a relativistic fluid, a cosmological constant, scalar and electromagnetic fields.
We found that the Gödel-type metric indeed solves the modified Einstein equations in certain cases. The most interesting among them is certainly the hyperbolic case which is reproduced if the CS term is switched off. We also found that in certain cases we can have solutions consistent with existence of CTCs. We found that unlike the GR, in the CS modified gravity there is a nontrivial solution for the vacuum case. Also, we found several other solutions having no analogues in the GR case, with the most important among them is the hyperbolic causal solution.
We demonstrated that the GR limit in the CS modified gravity is recovered by making the amplitude of CS coefficient equal to zero, b = 0. Furthermore, due to arbitrariness of parameter b, it opened up a wide range of the Gödel-type possible solutions, among which we obtained some hyperbolic causal solutions whose existence is impossible in GR, except of pure scalar field case. We found that the presence of the electromagnetic field plays the crucial role for linear and trigonometric solutions, just as in the usual GR case. Thus, we conclude that the impact of the CS extension becomes fundamental for the causality features for all relevant matter sources. We note that arising of all these solutions does not require any presence of the exotic matter.
